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BACKGROUND @ SIGGRAPH 2021

« Many applications boil down to solving linear equations

simulation

deformation § 54
[Huang et al. 2006] < B, -y S P : :

[Mullen et al. 2009]

//i/(/l

Image processing [Farbman et al. 2008]




- PROBLEM & SOLUTION

* lll-conditioned problems

« Basic methodology: multiscale decomposition

- source: irregular sampling, bad elements, heterogeneous materials

- result: signals containing very different scales

- decompose the whole problem into multiple scales

- treat each scale efficiently to avoid wasteful & redundant computations

How it works:

- treat scales back and forth

- to decrease the error of different frequencies

@ SIGGRAPH 2021
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EXAMPLE I: MULTIGRID APPROACH (@) sicarapH 2021

- Coarsening and scale communications via REET Kl ol
rt = b —A"x Ax" = b
- sparse restriction and prolongaton ~\ [T
. . . t 1 t . .
- Geometric & algebraic variant e ph ok anerpotion

- building P: mesh interpolation or graph simplification

A2hg2h — 2R 2h ( 2h 4 52h
F2h _ p2h _ g2h 2k 2k ,2h _ o2k T

- Efficient for particular matrices

interpolation
é2h - P2h €4h

restriction
T¢1—h = R2hi:2h

Athpth — 14h

Cheap per-iteration cost, direet solver
but slow convergence.




— EXAMPLE II: MULTILEVEL APPROACH @ SIGGRAPH 2021

« Operator-adapted wavelets [Owhadi 2017; Budninskiy 2019; Chen 2019]

Multilevel decomposition Multilevel solve

Au — g [Aquq:gq]

Independent solves across levels
BfwF = Wkgk+1 forqg—1>k>1
Aly! = g

. 'V' 4 '

' |
AR AR
AR AR like basis fcts and wavelets

Assemble all-level solutions

Re-expressed with hierarchical, q—1
spatially localized, eigenfunction- u? =dpb Tyl + Z gk, T gk
k=1




- EXAMPLE II: MULTILEVEL APPROACH @ SIGGRAPH 2021
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coarsest coarser finer finest groundtruth 1 r 3 5

m——  Dirac adapted — e
= Bilinear adapted

Great convergence, but very
high computational cost.




- EXAMPLE II: MULTILEVEL APPROACH (@) sicoraph 2021

* Closed-form solution of restriction operator [Chen 2019]

Operator- Speed of

1

C* = O Bgn, poom ., —4E4 WET () W], adapted running a

orthogonality cycle

- this operator will be denser on coarse levels
- slow down matrix factorization & multiplication -
Operator-adapted hierarchy
* Ouridea
- for inhomogeneous systems, the IS great but expensive

- so we need to trade convergence for an acceleration of each iteration to obtain a fast solver

Need a brand new

computational tool!




CONTRIBUTIONS @ SIGGRAPH 2021

Re-express [Chen 2019] construction by Cholesky decomposition based on [Schéafer et al. 2021]

Leverage incomplete factorization for preconditioning inhomogeneous systems

- exploit multiscale ordering and sparsity pattern to make tradeoffs

Introduce efficient implementation

- parallelization, supernodes...

Outcome
- a multiscale preconditioner for large scale heterogeneous linear systems.

- filling a gap in the arsenal of linear solvers
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OUR METHOD
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INPUT AND PIPELINE @neemn 2021

o — b — Ax
Zo := M 'rg
Po ‘= Zo
k:=0
* Input of our algorithm T p:k:;
X1 1= X + 0Py
- mesh for problem discretization e ::;’;ﬁ;eﬁjﬁﬂ’; | then exit loop end if
- SPD matrix discretizing a differential operator ::::Zgljz:fl
* Pipeline of our method Pri1 i— ZEZ BrPr.
E:=k+ 1
1. Fine-to- 2. Construct 3. Perform
coarse multiscale iIncomplete Cholesky

reordering sparsity pattern factorization



STEP 1: FINE-TO-COARSE REORDERING @ SIGGRAPH 2021

« Max-min ordering [Guinness 2018, Schafer 2021]

i, :=  argmax min _ dist(x;, x;),
iecq\{ils"'sik—l} Je{llﬁ“‘Slk_l}
* Reverse to generate fine-to-coarse ordering

- put the most important DoFs last
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STEP 2: MULTISCALE SPARSITY PATTERN

»  Sparsity

material

Sp :={(i,j) € CTxCT| dist(xi, xj) < pmin(;,¢})},

level 0

level 1 level 2 level 3

@ SIGGRAPH 2021



DISCUSSION @ SIGGRAPH 2021

* Single scale vs. multiscale sparsity

- with comparable nnz, multiscale sparsity pattern is more accurate
p=2 p=3 p=4 p=73

- Small p vs. large p density percentage  ILLT — Allp/lAlp 1(LT) " =AY p/IA g (|Au-glla/lgll2
- the error decays rapidly as p increases Z . o .
« complexity of 0(logn exp(—Cp)) By lfh : :
g 1073
- convergence vs. update speed 22
0" 1071
5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20

P P P P



STEP 3: ZERO FILL-IN INCOMPLETE @ SIGGRAPH 2021
FACTORIZATION

* Ignore entries outside of the given sparsity pattern Input: SPD matrix A and sparsity pattern S,,.
Output: Incomplete Cholesky factor L such that A ~ LLT
1 place non-zeros of A into L according to Sp;
2 fori < 1tondo
3 for j «— itondo
4 fork— 1toi—1do
~s_ if (j,i),(j, k), (i,k) € Sp then
o |1 | | LGD < LG -LGRLGK);
7 | _end
8 end
9 end
0 | L) VLG D)
Left-looking Right-looking 1: frr IJ, (:f; T_l It‘?jtlf;l;)L (i.i):
13 end
14 end

Algorithm 1: Left-looking incomplete Cholesky factorization.



MATHEMATICAL FOUNDATIONS

@ SIGGRAPH 2021

Operator-adapted wavelets = Schur complement = Cholesky

(once expressed in the right basis)

q—1
W5l ag
M) | _
N—_—— N—
P4 pa!

Material adapted-operators: Ak = L. Lg, B = fffg

L4 Lt

——



@ SIGGRAPH 2021

IMPLEMENTATION
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- MULTITHREADING @ SIGGRAPH 2021

) (au * x % % x % k% \
 Level scheduling age *  x  x % % %k %
- eliminate independent columns in parallel dgg * o xEEH
aq1 aqq * * * * *
- topological ordering based on DAG as ass *  x k  *
a62 g *  x  k
ar3 arr * %
* Multicoloring ag4 a5 agg

K Qg4 Qg5 Qg9

[Naumov 2012]

factorization time (s)

= O 00 O

Multicolor
reordering ‘ ' . ‘ ' ’ ‘ 0 5 10

# threads



- SUPERNODES @ SIGGRAPH 2021

« Supernodal approach: a block version of factorization

Input: SPD matrix A and sparsity pattern Sj,.
Output: Incomplete Cholesky factor L such that A ~ LLT

- square root — dense Cholesky 1 place non-zeros of A into L according to Sp;
fori «— 1tondo

- scalar product — matrix product

2
- division — triangular solves 3 for j «— itondo
: N 4 fork— 1toi—1do
* Introducing extra fill-ins : two-way vs. one-way supernodes 5 (i) i . -
R 6 K)L(i, k):
Sp={(,J)|Fiel,3je J and (i,j) € Sy} . den
8 €en

I 9 end
10 L(i,i) « /L(i,i);

A / 11 fa

(7,9) (1, 9) 2|
13 end
.~ . 14 end

S, S,

“two-way”

“one-way” ] Algorithm 1: Left-looking incomplete Cholesky factorization.




BREAKDOWNS FIXING @ SIGGRAPH 2021

« Global fixing strategy [Scott and Tuma 2014]

- M-matrix will always success

- slowed-down convergence

=
- A« A+ ald (trial and error) ] \ 1
|

« Partial fixing strategy I

- negative pivot appears because of error accumulation
along elimination path

- change only relevant diagonal elements




SCALABILITY OF FACTORIZATION @ SIGGRAPH 2021

* Theoretical complexity of numerical factorization O(n pZd) [Schafer et al. 2021]

2D factorization 3D factorization
| 102 |
101 e =70 e p=2.5
. —— p=38.0 . —O— p=3.5
<&, <,
: z 10
= 10° =
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COMPARISONS WITH CHOLMOD (@) sicarapH 2021

° Sparse complete ChOlESky factorization time (s) total time (s) memory cost (Gb)
| i 1 5 : \
2D 0(n3/?) 0(nlogn) 10°
3D 0(n?) 0(n*/3)

* Our incomplete Cholesky 10!
* time: 0(n p*?)

- storage: O(n p%)

Cholmod VS. Our method



~ COMPARISONS WITH [KRISHNAN 2013]

Regular Mesh

material

Irregular Mesh

materlal

> Autns 4 |

solution

solution

error
10° 10°
107 107°
10-13 ) 10-13
0 100 200 0 1,000 2,000
iteration iteration
error error
10° 103
1072 10
10—13 10—13
0 5 10 0 20 40 60 80
time (s) time (s)
[Krishnan et al. 2013] Ours(p =7.5) Ours (p = 8.0)

Multigrid preconditioner

« For matrices with non-positive off diagonal entries

- k(P714) <3

- efficient for Laplacian matrices on regular grids

For other matrices

drops positive off-diagonal entries

- fails to converge

@ SIGGRAPH 2021



COMPARISONS WITH AMG LIBRARIES (@) sicarapH 2021

« Settings

Trilinos [Trilinos 2020]
* smoothed aggregation + symmetric Gauss-Seidel for relaxation

AMGCL [Demidov 2019]

Ruge-Stuben + sparse inverse approximation for relaxation

# Pre- and post-relaxation = 1
more relaxations do not pay off

Tolerance

Ax—Db
- we askfor|| 5] 1 < 10712




COMPARISONS WITH AMG LIBRARIES SIGGRAPH 2021

Laplacian Elasticity
irregular mesh regular mesh irregular mesh regular mesh
- S S e -4c 1\ . t = ! e ' w S= e 4‘" Ao j - \
) Y ,rl £ yrn ;‘v vd Ny be ) Cy IR / £ "y 3‘v o
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: -~ 4 “ it - =4 » A | P idn » <
R X 10°, g=1)
2 time (s)! W time (s) time (s) fime (s) 3 time (s) fime (s
10 o3 10°
//‘M 103 103
2
contrast gl 2 ' 10
10! 102 A "
—_— kk*/*/"—“ I [ —m——— z 1) L Sy — 10
| contrast contrast contrast contrast 0 | contrast contrast contrast contrast
100 102 104 100 102 10? 100 102 104 102 104 100 102 104 100 102 10? 100 102 104 109 10 10?

with size (contrast=10%, g=1)
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10! 2 1 2
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— Qurs — AMGCL — Trilinos



- PRECOMPUTATION (@) siocRapH 2021

* Precomputations involve
— construction of sparsity pattern
- aggregation and coloring of the supernodes

- level scheduling

P |
(Z.9)

_——

Sp

“one-way”




- APPLICATIONS @ SIGGRAPH 2021

« Fast construction of material-adapted basis functions and wavelets

groundtruth

3 —&— [Chen et al. 2019]
10 —=— Ours
=
&
<= 10°
3
e
1073
10° 104
n

Useful for modal reduction



— APPLICATIONS @ SIGGRAPH 2021

10°

—e— QOur method —— AMGCL

potential energy value

0 0.5 1 1.5 2 2:5
time (10% s)

Nonlinear elastostatics

Edge-preserving multiscale decomposition
Nonlinear elastic dynamics



LIMITATIONS AND FUTURE WORKS (@) sicarapH 2021

* Problem-adapted sparsity pattern
- e.g., specify [; according to Green’s function

« High-order wavelet transformation

p | #iter (bilinear) | #iter (lazy)
2.0 184 433
2.5 135 278
3.0 85 134
3.5 80 117
4.0 67 72

* Breakdowns
- avoid all breakdowns?

* Non-symmetric problems
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